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a b s t r a c t
This paper is concerned with a model that describes the intermediate process between
advection and dispersion via fractional derivative in the Caputo sense. Adomian’s
decompositionmethod is used for solving thismodel. The solution is obtained as an infinite
series which always converges to the exact solution.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
The field of solute transport modeling has undergone rapid evolution since the 1970s. Two factors have driven this
evolution: in terms of demand, intensified interest in groundwater quality has generated a need for information that can best
be provided by transport modeling; in terms of supply, the rapid development of computer technology has made transport
simulation software available to engineers and hydrogeologists at the field project level. The advent of powerful desktop
computers, the development of software to implement numerical solution techniques, and the evolution of supporting
software for data processing and graphic display have all played a role in this process [1].
However, the most important use of mathematical modeling and simulation is not in predictive calculations, but in the
investigation process itself. Ideally, a solute transport study should represent a continuing effort to identify controlling
processes of every type, and to synthesize those processes and their interaction in a conceptual model [2].
The relation between the classical diffusion equation and Brownian motion was established by Einstein in 1905.
Subsequent experiments indicate that anomalous diffusion, where spreading is faster or slower than the implied square
root of time, is relatively common. The partial differential equations of fractional order may be introduced to provide a good
simulation for anomalous diffusion by replacing integer order derivatives by their fractional analogues [3].
In this work, the fractional derivative in the Caputo sense [4] is used to simulate the intermediate process between
advection and dispersion. The order of the fractional derivative is used to transit between advection and dispersion and also
as a parameter of the model equation.
2. Preliminaries and fundamentals
This section introduces some basic definitions and properties of fractional calculus theory [5].
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Definition 1. Let L1 = L1[a, b], 0 ≤ a, b <∞ be a class of Lebesgue integrable functions on [a, b].
Definition 2. The Riemann–Liouville fractional integral operator of order α ≥ 0 of a function f (x) ∈ L1 is defined by
Iαa f (x) =
1
0(α)
∫ x
a
(x− s)α−1f (s)ds,
where 0(α) is the gamma function. As a special case, when a = 0, we can write Iα0 → Iα . The properties of the operator Iα
can be found in [6], here we mention only the following:
For Iα: L1 → L1 and f (x) ∈ L1,
Iα Iβ f (x) = Iβ Iα f (x) = Iα+β f (x), α, β ∈ R.
I0f (x) = f (x),
Lim
α→n I
α f (x) = Inf (x), n = 1, 2, 3, . . . .
Definition 3. The Riemann–Liouville fractional derivative operator of f (x) of order α,m− 1 < α ≤ m, is defined by
∗Dαa f (x) =
dm
dxm
Im−αa f (x).
This operator has a certain disadvantagewhen used tomodel real physical problemswith fractional differential operator,
therefore, the modified fractional operator proposed by Caputo is considered [7].
Definition 4. The Caputo fractional derivative of order α ∈ (m− 1,m],m ∈ N∗, of the absolutely continuous function f (x)
is defined by
Dαa f (x) = Im−αa
dm
dxm
f (x) =
∫ x
a
(x− s)m−α−1
0(m− α) f
(m)(s)ds, (1)
when a = 0 we can write Dα0 → Dα . Some properties of the Caputo fractional derivative are listed as follow [7].
Lim
α→nD
α
a f (x) =
dn
dxn
f (x), n = 1, 2, 3, . . .
Dαa I
α
a f (x) = f (x)
Iαa D
α
a f (x) = f (x)−
m−1∑
k=0
f (k)(a)
k! (x− a)
k
Dαa k = 0,
where k is constant.
Definition 5. Form to be the smallest integer that exceeds α, then
Dαu(x, t) = ∂
αu(x, t)
∂xα
=

1
0(m− α)
∫ x
0
(x− s)m−α−1 ∂
m
∂sm
u(s, t)ds, form− 1 < α ≤ m,
∂m
∂xm
u(x, t), for α = m ∈ N.

Lemma 2.1. If f (x) is an absolutely continuous function in [a, b], then
d
dx
Iβ f (x) = Iβ d
dx
f (x)+ x
β−1
0(β)
f (0). (2)
Lemma 2.2. If f (x) is absolutely continuous in [a, b], f ′′(x) exists and f ′(0) = 0, then
DαDβ f (x) = Dα+β f (x), (3)
where α + β ∈ (1, 2).
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Lemma 2.3. For α ∈ (m,m+ 1], the Caputo fractional derivative of the power function xν , where ν > 1, is given by
Dαxν =

0(ν + 1)
0(ν + 1− α)x
ν−α, for α ≤ ν,
0, for α > ν.
 (4)
3. Classical advection–dispersion equation
Consider the classical advection–dispersion equation
∂u
∂τ
= −v ∂u
∂ζ
+ d ∂
2u
∂ζ 2
, 0 < ζ < L and τ > 0, (5)
subject to the initial condition
u(ζ , 0) = e−ζ (6)
where: u = u(ζ , τ ) is the dissolved concentration [ML−3],
d = dispersion coefficient [L2T−1], and
v = Darcy velocity [LT−1].
Let us define the following non-dimensional variables and constants
x = ζ
L
, t = τv
L
. (7)
Substituting (7) into (5), the advection–dispersion equation (5) may be written in the dimensionless form as
∂u
∂t
= −∂u
∂x
+ µ∂
2u
∂x2
, 0 < x < 1, t > 0, (8)
with the initial condition
u(x, 0) = e−x (9)
where µ = d
vL , and the number Pe = 1µ is called Peclet number, which is a measure of the rate of transport by advection to
the rate of transport by diffusion. A large Peclet number (Pe > 100) indicates that the advection term dominates [1].
3.1. Approximate solution of the model using Adomian’s decomposition method
In an operator form, Eq. (8) becomes
u = −L−1t Lxu+ µL−1t Lxxu+ u(x, 0) (10)
where
L−1t =
∫ t
0
dt, Lx = ∂
∂x
, and Lxx = ∂
2
∂x2
.
Adomian’s decomposition method [8–10] assumes a series solution for u(x, t) given by infinite sum of components
u(x, t) =
∞∑
m=0
um(x, t), (11)
where the components um(x, t) will be determined recursively. Following the decomposition method, we introduce the
recursive relations as
u0(x, t) = u(x, 0) = e−x
um+1(x, t) = −L−1t Lxum(x, t)+ µL−1t Lxxum(x, t), m ≥ 0.
So, themth term has the following form
um = e−x t
m
m! (µ+ 1)
m. (12)
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Substituting (12) into (11) gives the solution
u(x, t) =
∞∑
m=0
e−x
tm
m! (µ+ 1)
m
= e−x+(µ+1)t . (13)
4. The fractional intermediate process between advection and dispersion
For the intermediate process between advection and dispersion, we suggest the model
∂u
∂t
= k(µ, β)Dβu 0 < x < 1, t > 0, (14)
with the parameter 1 < β ≤ 2 and the constant k takes the form
k(µ, β) = µ(β − 1)− (2− β). (15)
Subject to the initial condition
u(x, 0) = e−x.
When β → 1 Eq. (14) with (15) is reduced to the pure advection equation
∂u
∂t
= −∂u
∂x
, (16)
while, when β → 2 Eq. (14) with (15) is reduced to the pure diffusion equation
∂u
∂t
= µ∂
2u
∂x2
. (17)
Finally as 1 < β ≤ 2 the intermediate process between advection and dispersion is obtained.
It should be noted that authors in [11] gave a theoretical studies (the existence and uniqueness of the solution) for a
special case of our model.
4.1. Solution of the model using Adomian method
In an operator form, Eq. (14) becomes
u(x, t) = kL−1t L∗xxu(x, t)+ u(x, 0), (18)
where
L∗xx = Dβu(x, t).
Following Adomian’s decomposition, the recursive relations are
u0(x, t) = u(x, 0) = e−x
um+1(x, t) = kL−1t L∗xxum(x, t) m ≥ 0.
Themth term can be obtained as
um = (kt)
m
m! D
βDβDβ · · ·Dβ
∞∑
n=0
(−1)n
n! x
n
= (kt)
m
m! D
mβ
∞∑
n=0
(−1)n
n! x
n
= (kt)
m
m!
∞∑
n=dmβe
(−1)n
0(1+ n−mβ)x
n−mβ .
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So, the solution is given by
u(x, t) =
∞∑
m=0
um(x, t)
=
∞∑
m=0
(
(kt)m
m!
∞∑
n=dmβe
(−1)n
0(1+ n−mβ)x
n−mβ
)
, (19)
where d.e is the ceiling function.
4.2. Continuity of the solution
Case I: When β → 1, the solution (19) is equivalent to
u = e−x+t (20)
which is the exact solution of the pure advection equation
∂u
∂t
= −∂u
∂x
(21)
with the initial condition (9).
Proof. Substituting by β = 1 in (19) yields
u =
∞∑
m−0
(
(−t)m
m!
∞∑
n=m
(−1)n
0(1+ n−m)x
n−m
)
(22)
let n−m = s, then Eq. (22) is reduced to
u =
∞∑
m−0
(
(t)m
m!
∞∑
s=0
(−1)s
s! x
s
)
=
∞∑
m−0
(
(−kt)m
m! e
−x
)
= e−x+t . 
Case II: When β → 2, the solution (19) is equivalent to
u = e−x+µt (23)
which is the exact solution of the pure diffusion equation
∂u
∂t
= µ∂
2u
∂x2
, (24)
with the initial condition (9).
Proof. Substituting β = 2 in (19) yields
u =
∞∑
m=0
(
(µt)m
m!
∞∑
n=2m
(−1)n
0(1+ n− 2m)x
n−2m
)
(25)
let n− 2m = s, then Eq. (25) is reduced to
u =
∞∑
m=0
(
(µt)m
m!
∞∑
s=0
(−1)s
s! x
s
)
=
∞∑
m=0
(
(µt)m
m! e
−x
)
= e−x+µt . 
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Fig. 1. The concentration u(x, t) for selected values of β and µ.
5. Discussion
In this study, the effect of the fractional derivative parameter β in the transport problem (14) is studied. Fig. 1 shows how
the process is transported from pure advection (β = 1) to complete diffusion (β = 2). This model may be suitable (after
more considerations) for systems which have dual domain. In these systems the transport is predominantly advective in
the mobile domain but largely diffusive in the immobile domain. A number of choices can be used to model the anomalous
transport problems e.g.
∂αu
∂tα
= D∂
2βu
∂t2β
(for real numbers α and β)
where, u(x, t) represents concentration of the diffusing species in one dimension and D is the generalized diffusion
coefficients [12]. Other form may be
∂αu
∂tα
= −∂
βu
∂xβ
+ µ∂
γ u
∂xγ
,
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where α, β and γ are real numbers. Thismodelmay be considered in the futureworkwith different definitions for fractional
derivative Caputo, Riesz . . . etc. The main aspect of our model that the order of fractional derivative is also considered as a
parameter of themodel equation.We believe that there aremanyways to install the fractional derivative order in themodel
of interest while understanding of the physicalmeaning of the problemmay play themain role for choosing theway. Finally,
Adomian’s decomposition method is an efficient tool for solving fractional differential equation in infinite domain.
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